Multiplicity and regularity of large periodic 
solutions with rational frequency for a class of 
semilinear monotone wave equations. 

Jean-Marcel Fokam 

f okam @aun . edu . ng 

School of Arts and Sciences, American University of Nigeria 

Yola, 

Abstract 

Nous demontrons l'existence d'une infinite de solutions fortes, de norme 
grande, pour une classe d'equations semiline aires avec des conditions periodiques 
sur le bord: 

u t t — u xx = f(x,u), 

u(0, t) — u(-K,t) ,u x (0,t) = u x (n,t). 

Notre methode est basee sur de nouvelles estimations pour le probleme 
lineaire avec conditions periodiques sur le bord, en combinant les methodes 
de Littlewood-Paley, le theoreme de Hausdorff- Young et une formulation 
variationelle de Rabinowitz, 22 , 23 . Nous contruisons une nouvelle ap- 
proche pour la regularite des solutions au sens des distributions en derivant 
les equations et en utilisant les estimations de type Gagliardo-Nirenberg. 
We prove the existence of infinitely many classical large periodic solutions 
for a class of semilinear wave equations with periodic boundary conditions: 

Utt - u xx = f(x, u), 

u(0, t) = u(n,t) , u x (Q,t) = u x (ir,t). 

Our argument relies on some new estimates for the linear problem with 
periodic boundary conditions, by combining Littlewood-Paley techniques, 
the Hausdorff- Young theorem of harmonic analysis, and a variational for- 
mulation due to Rabinowitz 22 , 23 . We also develop a new approach to 
the regularity of the distributional solutions by differentiating the equa- 
tions and employing Gagliardo-Nirenberg estimates. 
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1 Introduction 



In this paper we construct infinitely many large classical time-periodic solutions 
for the following semilinear wave equation: 

u t t - u xx - f(x,u) = (1.1) 

U (0,t)=u(TT,t), U x (0,t)=U x (<!T,t) (1.2) 

where / is C ' , has polynomial growth and depends on x, u. The existence 
of large periodic solutions with periodic boundary conditions is not well un- 
derstood. As u — is a trivial solution we seek here nontrivial solutions of 
(|l.ll) . (jl.2p . When the frequency is irrational the method of Craig and Wayne in 
|13j . extended to higher dimension by Bourgain!9 a and Berti and Bolle 3 proves 
the existence of small periodic solutions for typical potentials but the existence 
of classical periodic solutions for rational frequency is not known. Note that 
typical constant potentials in [13], [S], [3J are satisfied for 

utt — Aw — m — f(x, u) = (1-3) 

for typical m which exclude m = 0. The so-called resonant case m — and with 
f(x, u) independent of x for periodic boundary conditions has been studied 
by Berti and Procesi in [8]. The lack of x dependence in [8] allows to em- 
ploy ordinary differential equations techniques and they showed the existence 
of quasi-periodic solutions where the frequency vector depends on two frequen- 
cies (wi, W2(e))- While they consider wi G Q, their results do not imply the 
existence of periodic solutions with rational frequency as ui2{e) there is never 
rational. Chierchia and You in |11) study the problem with periodic boundary 
conditions and a potential : 

utt - u xx - v(x)u - f(u) = (1.4) 

where / only depends on u, however their method excludes the constants poten- 
tials v(x) — m. Bricmont, Kupiainen and Schenkel in [5] prove the existence of 
quasi-periodic solutions with periodic boundary conditions in the non-resonant 
case m > and / depending only on u. In [6] they find quasi-periodic solu- 
tions for a set of positive measure of frequencies hence prove the existence of 
quasi-periodic solutions for irrational frequencies. 

On the other hand there exists a substantial amount of literature for semilin- 
ear wave equations with Dirichlet boundary conditions see for instance [23 ,[22 , 
[7 for rational frequencies and the proofs of existence of classical solutions with 
f having some spatial dependence rely on a fundamental solution discovered by 
Lovicarova in |19j . The existence of periodic solutions, with irrational frequen- 
cies with Dirichlet boundary conditions in the resonant case (m = 0) was shown 
by Lidskii and Schulman |18j . by Bambusi in pQ, Bambusi and Paleari in [2], 
Berti and Bolle [5], [4] and for quasi-periodic solutions in Yuan [26]. Quasi- 
periodic solutions with Dirichlet boundary conditions via KAM techniques has 
been shown by Poschel [21] . Kuksin [17] and Wayne [27] . 
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De Simon and Torelli in [2] do not employ Lovicarova's formula but their 
C° estimate relies on 1? a priori estimates on f(x,u) which are not readily 
available for distributional solutions of (jl.ll) . The difficulty in proving regular- 
ity of distributional solution of stems for the kernel of □ which is infinite 
dimensional. In absence of a fundamental solution for the d'Alembertian under 
periodic boundary conditions problem we develop an approach based on tools 
from harmonic analysis such as Littlewood-Paley techniques, the Hausdorff- 
Young theorem and Gagliardo-Nirenberg estimates. The Hausdorff- Young the- 
orem had been employed earlier by Willem in [25] to get a L°° a priori estimate 
on solutions, by Coron to prove a Sobolev embedding in [12] and by Zhou in 
[25] . The argument we give here to prove the Sobolev embedding in [T2] follows 
the Fourier approach to the Sobolev embedding as in the notes by Chemin, 
[TP] , We do prove a stronger estimate than the one in [12], which provides in- 
formation about the best constant of the Sobolev embedding. Our argument 
also shows that the Sobolev embedding in [12) is compact. In this paper the 
existence of classical solution for time periodic solutions with periodic bound- 
ary conditions of the semilinear wave equation 11. 1)) will be shown by proving 
the stronger C 1 Holder estimates than the L°° in [28] . and our approach also 
gives an alternative proof of the existence of classical periodic solutions in the 
case of Dirichlet boundary conditions with semilinear term with some spatial 
dependence for f(x, u) sufficiently smooth in both arguments x and u. 

In section 1 we prove the linear estimates we need to prove the regularity of 
the solution. In section 2 we follow the scheme of [23] and [22] to construct weak 
solutions and in section 3 we show the regularity of the solution by repeated 
differentiation of the equations, the linear estimates proved in section 1 and 
Gagliardo-Nirenberg inequalities . 

Since our proof is of variational nature it is natural to ask if there is a notion 
of critical exponent or critical growth for this equation. An open question is 
then whether there are semilinear terms f(x 7 u) of say exponential or super ex- 
ponential type (as this paper deals with semilinear terms of polynomial type) for 
which there are large amplitude distributional solutions which are not classical 
(f(x, u) being assumed to be smooth). 

We seek time-periodic solutions satisfying periodic boundary conditions so 
we seek functions u € M with expansions of the form 

u(x,t)= J2 u(j,k)e l ^ x e zkt 
(j,fc)ezxz 

and define the function space E: 

Nl!= E ^|fc 2 -4j 2 P0',fc)| 2 + £ |4j 2 ||£(j,AO| 2 + RO,0)| 2 

2j#±fe 2j=±k 

where Q = [0, tt] X [0, 2ir] and define the functions spaces E + ,E~ , N as follows: 
N = {ueE 1 u(j,k) = for 2\j\^\k\}. 
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Note that in the case of periodic boundary conditions the structure of the kernel 
N of □ is slightly different than in the case of Dirichlet boundary conditions. 
Here v G N we have 

v(x,t) = Yl vtiJt)e l23X+lkt 
j=±k 

and 

v(x,t) = p x {x + t)+p 2 {x-t) = v + (x,t)+v~(x,t) (1.6) 
where v + {x,t) — p\{x,t), v~(x,t) = p2{x,t), where the p\,P2 £ H l (Q,-n:) 7r- 
periodic functions and defined as pi{s) = , Pi(j)e l2; > s , P2(s) = J2j P2(j) pl2 -' s 



e 

and pi(0) = 0, pi(j) = v(j, 2j),p 2 (j) = v(j, -2j). 

E+ = {ue E, u(j, k) = for |fc| < 2|j|} 

E- = {ueE, uCj,A) = 0for|fc|>2|j|}, 

u = v + w, w — w + + w~ where w S E, w + € E + ,w~ G E~ and v G N and 
define the norm on E © N 

\MIe = \\™ + \\ 2 e + \\™~\\ 2 e + P\\v\\ 2 hi- 

W = j Q \^{4 -ul- (3(v 2 + vl) - F(x,u)}dxdt. (1.7) 

When u is trigonometric polynomial, Ip can also be represented in E m © N rn 
as: 

W = - Ik" III ~ 0(11* + ~ J Q F(x,u)dxdt. 

where dF g X u u * > = f(x,u), first seek weak solution of the modified equation: 

Ou = Pvtt-f{x,u)-pv (1.8) 

and then send the parameter /3 to zero. 
Assumptions on f(u): 

we assume that there are positive constants cj < c\ , c\ , c\ such that 

cl\u\ s ~ x u + c\ < f(x,u) < cllu^u + cl (1.9) 

2 

with Cq > -^j . These assumptions are satisfied by some nonlinearities of poly- 
nomial type. f(x,u) must also be strongly monotone increasing: 

?^>a>0 (1.10) 
ou 

Theorem 1.1. Under assumptions U.Sfy . FLTty) and f G C 2 ' 1 . FL1\)A1.2}) admits 
infinitely many classical solutions. 
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2 Estimates 

Define Z« = {u(j, k)s.t. E(i,fe)ez x z 1^0'. k )\ q < +°°}- 

Theorem 2.1. The function u = £ 2j y±fc &0'> k)e 2l]x+lkt G C where 7 < 1 - ± 

^ k) ^w^h (2 - n) 

Proof: 
Let B m the set 

B m = {(j, fc) G Z x Z 2|i| + |fc| < 2.2 m } 

and A m 

A m = \ ^771 — 1 

so we have in A m 

2 m < 2|j'| + |fc| < 2.2 m 
and the C 7 norm wili be estimated by 

sup2 7m ||A m || C o 

m 

see [25] or [16]. 

2 7m ||A m || c o = 2 7m || Y, Hj,k)e i2jx e m \\ C o 



] lJ '" ' , '-'-< \\ ( .n 



E 2 m f(j, fc) r i2jx r ikt 
4?' 2 - k 2 

(j,fc)eA m 



^ [ E E i/c^n* 

0",fc)eA m ^ *" ' (j,fc)ezxz 

v (2|j| + |fc|r 1 V ; 1 

" 1 ^ (2|j| + |fe|)P(|2j| - |fc|) 2 W 1 ^ WU ' ;l J 



< 



(j,k)£A m v 11// (j,fc)6ZxZ 

E (2hi + ifcnci— y)p(|2j| - |fci))p^ ^ l/0': fc )l 9 ] 9 

< c||/||„ <c||/|| L p (2.12) 

as long as 7 < 1 — ~ and the last inequality follows from the Hausdorff- Young 
theorem. 

Remark: The argument here provides an alternate proof of the Holder continuity 
of weak solutions of Dw — / where / G L p n N 1 - where N 1 - denotes the weak 
orthogonal of the kernel of □ with Dirichlet boundary conditions, proved by 
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Brezis and Coron and Nirenberg in [7] via Lovicarova's fundamental solution, 
for 1 < p < 2. 

In the case that p = 2 we have u g C° n or similarly / g i? Q implies u e C a+ 2 . 
Define 

UhiM&t) = u(x + hi,t + h 2 ) (2-13) 

and 

A+ + = {U, k) e Z x Z (j, fc) g A m j > 0, k > 0} (2.14) 

A+r = fc) e Z x Z (j, fc) g A m j > 0, fc < 0} (2.15) 

A m + - {(j, fc) g Z x Z (j, fc) G A m j < 0, k > 0} (2.16) 

A~ = {(j, fc) g Z x Z (j, fc) g A m j < 0, fc < 0} (2.17) 
and define u~~ ,u ++ ,u *~,u~* as 

u ++ (j, k) = u(j, k) if j > 0, k > 

= otherwise (2.18) 

k) = u(j, k) if j > 0, fc < 

= otherwise (2.19) 

u-+(j,k) = u(j,k) if j<0,fc>0 

= otherwise (2.20) 

u~~(j, k) = u(j, k) if j < 0, k < 

= otherwise (2.21) 

Lemma 2.1. £ C* ^ then u++ g in' i/7' < 7 

The analogue is also true for it" 1 , u 
Proof: 



= E E (i2ji + ifci) 2V Kj,fc)i 2 

< E E 2 2 (™+^'|u( J; fc)i 2 

m 0,fc)eA+ + 

< ^ 2 (m+i) 7 ' £ |e l ( 2 ^l + l fe l)' i -l| 2 |M(j,fc)| 2 
m (j,fe)eA++ 



with ft = h{m) = ^-2- r 
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Remark: in the next line the sum over A:t + is extended to the whole series but 



G 



h still depends on m. This is possible because of Parseval. 
Then 



,.++l|2 



2 H y < J2 2im+lW W U h(m)Mm)-u\\p (2-22) 
m 

m 

< ^ im+lh '\H\ 2 coJh( m )\^ 

m 

o 

m 

< c||u|| 2 c0 , 7 ^2^'^) 

m 

< c(7 - 7')||u||co.t 

The estimates for u , u *~ follow similarly by replacing Uh.h in the pre- 
ceding argument (|2.23j) by U-h,-hi u -h,hi u h,-h- We can conclude by noting: 

Nlfn = \\u ++ \\ 2 H y + ll« + ~lllrr + ||«~ + ||itt + ||« (2.23) 

We prove a bootstrapping estimate in the next lemma. It follows from the proof 
theorem 4 in [24] established for Dirichlet boundary conditions. 

Lemma 2.2. Let f,wG L 2 (Q) such that 

f(j, k) = = w(j, k) for 2j = ±k (2.24) 

and 

(-k 2 + Aj 2 )w(j,k) = f(j,k), for2jV±fc (2-25) 

then w G H 1 
Proof: 



E | 4i 2_ fc 2| 2 l/(i>fe)l 
2j^±fc 1 J 1 

,2 



1 (2j - kf + (2j + k) 

E 



^ 2 (2j-/fc) 2 (2j + fc) 2 l/U,/e;l 



< 

< (2-26) 
Let E s be the closure of { e l2 i x + lkt j 2j ^ ±fc} under the norm 



N«l||.= E |S(j,fc)| 2 |fc 2 -4i 2 | 5 



2j#±fc 

the we have the Sobolev estimate: 
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Theorem 2.2. < s < 1 the space E s is continuously embedded in L p where 

This theorem implies that the embedding in [12] E 1 C L p is compact, as 
E 1 C E s is compact for s < 1. We will show that it also implies a Gagliardo- 
Nirenberg inequality of the type: 

Ml^c^M^M^ (2.27) 

where c{p) will be computed explicitely. 
Proof: 



where 



and 



/ = h,A + h,A (2.28) 
h,A= E f(j,k)e i2 ^e ikt (2.29) 

2j=£±k,2\j\ + \k\<A 

h,A= E f(j,k)e l2 ^e lkt (2.30) 

2jyi±k,2\j\ + \k\>A 

\h,A\ < E 

2j#±fc,2|j| + |fc|<A 

< E l^ 2 -*; 2 !-*!^ 2 -* 3 !*!/^*)! (2.31) 

2jjt±k,2\j\+\k\<A 

and applying Cauchy-Schwarz we have 

i/laI < ( E u/_ k2 j H E I4i 2 -fc 2 n/(i,fc)i 2 )^ 

2j#±fe,2|j| + |fe|<A 1 J 1 2j#±fe,2|j| + |fc|<A 

< ii/im E 

m,n£N<A 

dm [ A dn^i 



")• 



< c||/|| £s A- s+1 . (2.32) 
Now we seek such that 

I A J < 



I/Ml < 7- ( 2 - 33 ) 



So we require the estimate 
this leads to the inequality 



cWIWeA 1 -* <± (2.34) 
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A < — 

" 4c||/||i 
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So let Ay. 

^ = ( 4i7ii^ )Til - 

Now 

\f(x,t)\ p dxdt=p y p ^ 1 w(y)dy 
[o,w][o,27r] Jo 

where Wf(y) = \{{x,t) £ [0, 7r][0, 2tt] : \f(x,t\ > y}\. Now \f(x,t)\ > X implies 
\Ji.a\ > or I/2. a\ > f • Recalling (|2.33l) and the definition of A\ conclude that 

>\ (2.35) 



and 



hence 



Wf(X)<w f2tAx (^) (2.36) 



/ \f(x,t)\ p dxdt = p [ X p - 1 Wf(X)d\ 

J[0,ir][0,2ir] JO 



Since 



' 1> I ^'wf^J^dX. 



w(X) < -1 / \f(x,t)\dxdt (2.37) 



\f(x,t)\ p dxdt < / X p - 3 / \f 2 ,A x (x,t)\ 2 dxdtdX 

[0,7r][0,27r] JO J\f 2 ,A x (x,t)\>± 

< f X p - 3 f \f 2 . Ax (x,t)\ 2 dxdtdX. (2.38) 

JO J[0,7r][0,27r] 

Then we can invoke Parseval formula to deduce 

/ \f( x ,t)\ p dxdt < r x p - 3 v \f 2 . A ,(j,k)\ 2 dx 

J[0,7r][0,27r] Jo 2j - #±fc 

/•OO 

= / A"- 3 Yl \f(j,k)\ 2 dX(2.39) 

JO nJ , , ,. „,., , I 7_ I — , 



2j#±fc,2|j| + |/c|>A A 



Now 

m + \k\> ^A = ( rfT 4 1 -) Ti 

implies 

A<4c||/|| £s ((2| J | + |fc|)) 1 - s 
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We continue the estimate from (|2.39p : 
/ \f(x,t)\ p dxdtd\ < J2 [ >^VUM\(\J,k)..t.2\ i \+W>A>} dX 

J[0,7r][0,27r] 2i^±k Jo 



r ic\\f\\ E s(2\j\ + \k\) 1 - ! ' 

< E / A*- 3 |/(J, k)\ 2 d\ 







„ ric\\f\\ E s{2\ J \ + \k\) 1 - s 

< E i^ fc )i 2 / XP ~ 3dX 

2&±k J ° 

< E \fm\ a [^)^ ,Mm+W)1 ~' 

2j^±k,2\j\ + \k\ P 

^ E \fu, fc)i 2 -^[4cii/n £s ((2| J | + my-r- 2 

2jjt±k,2\j\ + \k\ 

(2.40) 

now if s = (1 — s)(p — 2) i.e. s(p) = then 

/ \f {x , t )\Pdxdt<^^-\\f\f E3M (2.41) 

J[0,7r][0,27r] P~ Z 

and we have the following Gagliardo-Nirenberg inequality for p > 2: 

IHUp < c(p)||u|| B . w < cWll^ll^llull^. (2.42) 

3 Construction of the weak solution 

For the Galerkin procedure we define the spaces: 

E m — span{s'm2jxcoskt,s'm2jxsmkt, cos2jx cos kt, cos2jx sinfct, 2j+k < m,2j ^ k}, 

E~ m = span{sm2jx coskt,s'm2jx smkt, cos2jx cos kt, cos2jxsinkt, 2j+k < m 2j < k}, 

E +l = span{sin2jxcoskt,sm2jxsmkt, cos2jx cos kt, cos2jxsinkt, 2j+k < I 2j > k}, 

N m = span{sm2jxcoskt,sm2jxshikt, cos 2jx cos kt, cos 2jx sin fct, 2j < m} 

which are employed in the minimax procedure. We denote by P m the projection 
of E © N into E m © iV m . The functional Ip satisfies the Palais-Smale condition. 
The arguments follows as in |23j . we do not repeat them here. 

Lemma 3.1. Vit G E +l , there is a constant C(l) independent of f3,m such that 

Ip(u) < M(l) (3.43) 
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Proof: 
Let u £ E+ l 

i p {u) = ilk+lll-ilk-lll-^IMIii-j^FWdidt 

11 f kil s+1 

< ^ + \\ 2 E-^\\w-\\ 2 E-mv\\ 2 H i-c( S ) U-j-dxdt + dMa) 



I, 



< c(/,s) + sup |||u. + |||-c( S ,Q)|| W ||^ 1 . (3.44) 



Now in E +l 



IMII</|Hli 2 (3.45) 

and on the other-hand 

sup \\\w + \\ 2 E -c(s,Q)\\u\\ s + 1 >0 (3.46) 

u£E+ l 1 



while as \\u\\e — » +oo in E +l is dominated by HttHJa as s + 1 > 2 and i 
attained at say u hence we have 



is 



c^Qmit 1 <\\u\\ 2 E<l\\u\\h (3-47) 

and we can conclude there is M(l) depending on I but independent of j3 such 
that 

Ip{u) < M(l). (3.48) 

Also E +l is finite dimensional hence there is R(l) such that for all u £ E +l 
E~ m 8 N m and \\u\\ E< p > R{1) implies 1/3 (u) < 0. 

Theorem 3.1. Let / be C 1 , for I large enough there is a distributional solution 
u = v + u> of the modified problem U.8\) . 

Proof: 

In this proof the constants may dependent on f3 and / but are independent of 
m. The proof of this theorem here is slightly simpler from the one in [23 as we 
take advantage of the polynomial growth of the nonlinear term. We also employ 
Galerkin approximation. 

Let u™ — w m + v' m £ E m © N m a distributional solution corresponding to the 
critical value c; , and any £ E m @ N m : 

I'(ur)4> = (3.49) 
now taking <fi — v"l £ N m we have 

and by (|1 there are constant positive c, d such that 



m n t\\h<c\\u s \\ L A\vT t \W- + d\\vT t \\ 



L' 2 
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(3\\v? t \\ L , <c\K\\ L2 

hence 

\K\\l><c(P) 

we now have 

w%-w™=(3v% + P m f(x,ur)eL 2 

hence w m G H 1 n C 7 , 7 < \ by theorem O and lemma l2~2l This now implies 
w m G _ff 2 , w m — > w as m — > +00 pointwise and it; G ff 1 n C 7 . Then if cj> = v^ tt 
then 

«,«St)z» = (/(a:,un,wS«)z» -W.^St) 
so there exists c independent of m 

= u[>MJl2 -/3(v 4 m ,^) 

and we deduce ||«Stll£ a — c (@) hence v% t — > v u £ C° as m — > +00 hence u is 
C 2 and u> is C 7 by applying theorem 12.11 to (|1.8[) . We now have 

— >• u G C 7 as to — > +00 

and since (|3.49p holds for any <fi G £™ © jV" 1 we can deduce 

= V0 G £ m © TV™ (3.50) 

now sending to — ► 00, u is a weak solution of ()1.8j) . 
Then we can define ge{u) = u(x, t + 0). Define: 

= {.g s.t. 9 G [0,2tt)} (3.51) 

Vi = N m ® E- m ® E +l (3.52) 

G,={/ie C*(Vi,E m ) such that h satisfies 71 - 74} (3.53) 

FixQ = {u G E s.t. g{u) = u \/g G G} = span{cos2jx, sin2jx, j 6 Z} C 
Define P 0m , p~ m the orthogonal projections from E m © iV m onto respectively 
N m (= E 0m ), E~ m and Pi the orthogonal projection from E m © TV™ onto Vj. 

71 /i is equivariant 

72 h(u) — u if m G Eix^y 

73 Thereexistsr = r{h) h(u) = u if u G V; \ B r (h,) 

74 M = ro + + ur+i)€^ (P 0m + P~ m )h(u) — a(u)v + a~(u)w~ + <j>(u) where a, a G C(V t , [1, a]) 

and 1 < a depends on h, 4> continuous. Define 

c0) = inf sup //,(&(«)) (3.54) 
heG t aeVl 

and q(/3) — >• +00 as Z — ^ 00 independently of to, /3 . 
Lemma 3.2. c/(/3) — > +cx) as I — > +00 
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Proof: 



Ip(u) = l\\ w +\\l-^\\ w -\\l-f3\\v\\ 2 H1 - J^F{u)dxdt (3.55) 

and there exists by assumptions (|1.9|) c(s), d{s) > such that 

Ip{u) > ±\\w+\\% - l\\w-\\% - /3\\v\\m -c(s) J^\u\ s+1 dxdt-d(s) 

(3.56) 

and if u 6 dB p D V l J z 1 we have 

Ip(v) > h \w + 1|| -c(s) / |u| s+1 ctoft - d(s). 



(3.57) 

Now by the Sobolev embedding theorem 12.21 there is 0(s) < 1 such that if 
u(j, k) = for 2j — ±k we have 

IMU*+i < IMU«M (3.58) 

hence 

i fi (u) > h\ w + \\ 2 E - C ( S )(iiu||^ e(s) iiuii e jr ) r+ i -d( S ) 



L 2 ll^llB 1 

> 



ip 2 -^ 1 ^-^))^. (3.59) 



If we choose a constant C(s) large and p = tjt-t^ 1 6 ^ 



C{s)' 

I fj (u) > \p 2 -d{s). 



(3.60) 



Applying the corollary 2.4 in [TS] to Pi-\h 6 C(<9£? P! , VJ_i) we have 

ft(^)n9fl Pl n^ 1 ^0 (3.61) 

hence 

supl (h(u)) > inf I(u) > -p 2 - d(s) -> +oo (3.62) 

The q(/3) are critical values of on i? m . This is obtained by a standard 
argument see [53] propositions 2.33 and 2.37. 

Lemma 3.3. If u is a critical point of Ip in E m ®N m then there are constants 
C\,C2 independent of m, ft such that 

\\f{u)\yt +l < Cl I{u) + c 2 (3.63) 

L~S~ 
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Proof: 

If u is a critical point of Ip then I'a{u)(j) = 0V^£ E m ® N m hence 

Ip(u) = Ip(u)-I'p(u)u 

\uf{u)- F{u)dxdt>a 1 {s) [ \u\ s+1 dxdt - a 2 (s) (3.64) 
Q JQ 

such constant ai(s),a.2(s) exist because / satisfies (|1.9|) . Then we have 

Ip{u) > ci / \f{u)\ s ^dxdt-c 2 {s). (3.65) 

Let u m = w m + v m the approximate solution on E m © N m then 

k) = f(vfi)(j, k) (3.66) 
V2j 7^ fc G -E m , hence by lemma 12.11 and the Hausdorff- Young we have 

||w m || c ^<c (3.67) 

with c independent of to, /3. Hence we can conclude that w — lim„ 1 _ ) . +ocl w m G 
C~> for any 7 < 1 - 

In the following lemma we follow closely the method of [22] to get an a priori 
estimate on ||i>||c° independently of /3. 

Lemma 3.4. There is a constant c independent of /3 such that 

\\v(fi)\\co <c (3.68) 

Proof: 

First note that by ([3~M| : 

\\vW)\\l 2 <\\u\\ s + 1 +1 <c(l) + a 2 (s) (3.69) 

so we already have a L 2 a priori estimate on v independently of (3. The point 
of this lemma is then to prove a C° estimate. We will discuss two cases: 
Case 1: 

||w(/3)||c° < 8||u(/3)||i2. Then we have a C° estimate on v{(5) independently of 
15. 

Case 2: 

H/?)|| c o >8|Q||| V (/?)|| i2 . 
Let 4> G N then we have 

-/3v tt + 0v + /(u + w)]<pdxdt = (3.70) 
or 

/ Pv(j> + Pvt<f>t + [(f(v + w)-f(w))<f)]dxdt = - I f{w)(j)dxdt (3.71) 
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and q is the function defined as 

{s + M s > M 
-M <s<M 

s-M s < M 

and choose 

4>(x,t) =q{v+{x,t))+q(v-(x,t)). (3.72) 



/ v q + dxdt = -^^2^ {j,k)q+(j,k) 

•'Q ~T i.k. 



2 j,k 
^P(0, 0)^(0,0) 

2 



< ||«-||i2||« + |Ui = ||«-||£2||g + ||ii (3.73) 



and j Q v + q dxdt = -^v+{0, 0)q (0, 0) = similarly. 

/ Vtfodxdt = f q\v+){v+) 2 +q\v-){vi f + ^-(q(v+))v; + ^-{q{v-))v+dxdt 
JQ JQ O t 

f q'{v+)(v+f + q'{v-){vifdxdt, (3.74) 
JQ 



we define 

min k |< M5 /(z + £)-/(£) z>0 
max| € |< M5 f{z + £) - /(£) z < 



V>(*) 



which is monotone in 2; with V(0) =0. = {(#, i) £ <3, |u(ar,t)| > <5}, 
Qj = {(x,t)eQ v(x, t) > 6}, Qj =Q s \Qj. Uv>0 then 

/ [f(v + w) - f(w)][q+ +q-}dxdt > v(q+ + q~)dxdt. 

jQj ' ' \\ v \c° Jq 5 + 

Now for v < — S when v < then f(v + w) — ,f(w) < tp(v) and also q + + q~ < 
and similarly 

/ (f(v + w) - f(w)(q+ +q-)dxdt > ~f [ v(q+ + q-)dxdt 

Jqs IMIc° J Qs - 

now define v(z) = mm(ip(z) 7 ip(—z)) for z > 0, and ||v ± ||c° = max (ll u+ llc7°j Il w ~llc°) 
then 

/ [f(v + w) - f(w)][q+ + q~]dxdt > I v+q+ + v~ q~ dxdt - S f \q+\ + \q~\dxdt] 

Jqs IMIc° Jq Jq 



u{5) 



\ v \\c° Jq 



v \\l 2 k + \ + \q \dxdt 

JQ 
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where we employ (|3. 731) to estimate the terms Jq v + q + v q + dxdt, and since 
sq(s) > M\q(s)\, then 

\\f(M\c° f {\q + \ + \q-\)dxdt> [M -^\\^- 6)v{6) I (\q+\ + \q-\)dxdt 

Jq \Mc° Jq 

(3.75) 

then for arbitrary M < IHu^Hc 10 an d choosing 6 = ^ 2 ^ c ° we deduce 

K^lb ± llco)<8||/H| C o (3.76) 
hence ||w||c° is bounded independently of j3. 



4 Regularity of the solution 

Here we prove that if / € C 2,1 then the weak solution u is C 2 . Since M |c° > I M lc° 
are bounded independetly of /?, /(it) G C°. We also have 

(-4j 2 + k 2 )w(j, k) = f(x^+w)(j, k) 2j ± ±k. (4.77) 

Then by lemma |2~21 we have w G H 1 . Since / is smooth then too f(w + v) G iJ 1 . 
Then (|4.77l) implies u> G -ff 2 and iterating once again leads to w G H 3 . Now 
going back to the original equation: 

- (3v t t =Ow- f(x, u) - /3v (4.78) 

and recalling that v G C 2 we deduce v G -ff 3 which with (|4.77l) implies w G H A . 
Iterating once more implies v G H A then again w G -ff 5 and w G H 5 . Thus we 
can differentiating with refer to t in the weak sense and we have 

Ow t - pv m = -f'Jx, u){w t + v t ) - f3v t (4.79) 

in Fourier space. We now want to get estimates independently of /3 pass to the 
limit and find solutions of (II. ip . Now multiplying by Vt(f3) (this is possible since 
v G H 1 ) and integrating we have 

P(y t ,v t ) +P(v tt ,vtt) + {fi(x,u)vt,v t ) = -(fi(x,u)w t ,v t ) (4.80) 

and 

a\\vt\\ 2 L 2 < (f' u (x,u)v t ,v t ) < -(f^(x,u)w t ,v t ) (4.81) 

Now since f u >a>Q and < c with c independently of j3 hence there is 

a constant c independent of (3 such that ||^t||z, 2 < c. This combined with (|4.TT[) 
implies ||tw||h 2 < c where c is independent of j3. Differentiating (14.791) with refer 
to t we get 

f3v tt +awtt-(3v tttt +fl(x,u)v tt = ~f" u {x,u)vt-f" u (x,u)wt-2f" u (x,u)w t vt-f' a (x,u)w t t 

(4.82) 
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Now we multiply (|4.82p by Vu and estimate the L 2 norm of the first term of the 
RHS. 

(f: u ( X ,u)vlv tt ) < C(f) r r V\\v tt \dxdt 

Jo Jo 

< c(/)(/ / vtdxdt)i( / \v tt \ 2 dxdt) 
Jo Jo Jo Jo 

we then deduce 

(f: u (x,u)v 2 ,v tt ) < c(f)\\vt\\h\\vt\\m ( 4 - 83 ) 

where the constant c(/) is independent of j3 and the inequalities in the previous 
argument stems from the Gagliardo-Nirenberg inequality. 

The L 1 norms of the terms in the RHS of (|4.82|) multiplied by vu can be 
estimated by noting that f(u) G H 1 ,w G C 1,7 ,0 < 7 < g, and that the respective 
norms can be estimated are independently of /3: 

(tt u (x,u)wlv tt )<c\\v tt \\ L 2 (4.84) 
(2f^ u (x,u)w t ,v tt ) <c\\v tt \\ L 2 (4.85) 
- (fL( x , u ) w tt,v tt ) < c||wt t || L 2||w t i|| L 2 (4.86) 
recalling (|4.82|) . multiplying by v u 

P(vtt,v t t)+l3(vttt,v U t) + (fi(x,u)v tt ,v tt ) = {-f" u (x,u)v t ,v tt )+(-fv U (x,u)w t ,v tt )+(-fu(x,u)w tt ,v tt ) 

(4.87) 

We can now continue from (|4~82l . (l4~84)l . (|4~84)) . (|4~85l) . (|4~86|) and we have 

P{vtt,Vtt)+P(vttt,Vttt) + (fv(x,u)vtt,vtt) < clHlfi (4.88) 

thus there exists c independent of /3 such that | \vu \ \l 2 < c where c is independent 
of (3. At this stage we can conclude that there is a constant c independent of /3 
such that ||/(u)||ff2 < c. Combining this with (|4.77p we have IMIff 3 < c with 
c is independent of /3, w G C 2 '2 and ugC 1 with upper bounds independent of 
/3. We have now proved that if / is C 2 then the solution is u G H 2 n C 1 is a 
weak solution of the equation. We now differentiate (|4.82|) we have 

Pv m + Owut + f'{u)v tt t = -fuu( x > u ) v tt - fuL(x, u)(v t + w t )v 2 t - f" u (x, u)2v t w tt - f" uu {x, u)w 2 

-fuu(x, u)2w t wtt - 2f"L(x, u)(v t + w tt )w t v t - 2f^ u (x, u)w u v t 
- 2 fuu(x, u)w t vtt - fu U (x, u)(v t + w t )wtt - f" u (x, u)w ttt 

and multiplying both sides of the preceding equality by Vut and integrating we 

conclude that H^mHl 2 < c where c is independent of /3 thus v is C 2 . Now 

recalling the Holder regularity bootstrap and (|4.77l) we get w G C 3 ' 7 , < 7 < 
1 

2 • 
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